The purpose of this paper is to give a complete answer to the question: what relations between the mutual distances of n (n ^ 3) points in the hyperbolic plane are necessary and sufficient to insure that those points lie on a line, circle, horocycle, or one branch of an equidistant curve, respectively ?
In 1912 Kubota [6] proved an analogue of Ptolemy's Theorem in the hyperbolic plane and recently Kurnick and Volenic [7] obtained another analogue. In 1947 Haantjes [4] gave a proof of the hyperbolic analogue of the ptolemaic inequality, and in [5] he developed techniques which give a new proof of Ptolemy's Theorem and its converse in the euclidean plane. In the latter paper it is further stated that these techniques give proofs of an analogue of Ptolemy's Theorem and its converse in the hyperbolic plane. However, Haantjes' analogue of the converse of Ptolemy's Theorem is false, since Kubota [6] has shown that the determinant | smh\PiP s /2) |, where i, j = 1, 2, 3, 4, vanishes for four points P 19 P 2 , P 3 , P 4 on a horocycle in the hyperbolic plane. So far as the author knows, Haantjes is the only person who has mentioned an analogue of the converse of Ptolemy's Theorem in the hyperbolic plane.
Relations between the mutual distances of three points are obtained which are necessary and sufficient to insure that those points determine a line, circle, horocycle, or equidistant curve, respectively.
It will be recalled that Ptolemy's Theorem and its converse for the euclidean plane may be stated as follows.
THEOREM (Ptolemy) . Four points P 19 P 2 , P 3 , P 4 of the euclidean plane lie on a circle or line if and only if the determinant C(P lf P 2 , P 3 , P 4 ) = I PiPj 2 1 vanishes, where P i P ά = P^ denotes the distance of the points P iy P 3 , (i, j = 1, 2, 3, 4) .
The analogous theorem which will be proved in this paper is the following.
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Moreover, the techniques used in this paper provide an easy extension of this analogue of Ptolemy's Theorem and its converse to give necessary and sufficient conditions for n, (n ^ 4), points to lie on a line, circle, horocycle, or equidistant curve.
2* Preliminary remarks* It is well known [1, pp. 273-274] that the determinants A 4 (P,, P 2 , P 3 , P 4 ) -( cosh (PtPj) I, (i, j = 1, 2, 3, 4) and A 5 (P ly P 2 , P 3 , P 4 , P 5 ) = I cosh (PtPj) I, (i, j = 1, 2, 3, 4, 5) vanish for each quadruple and each quintuple of points in the hyperbolic plane. Moreover, A,(P ίy P 2 ,
for each triple of points and vanishes if and only if the triple is collinear. These determinants play an important part in this paper.
Poincare's circular model of the hyperbolic plane will be used.
3* Analogue of Ptolemy's Theorem and its converse* As was indicated in the § 2, we will use Poincare's model of the hyperbolic plane. In order to prove the analogue of Ptolemy's Theorem and its converse, the "cross ratio" of four points is defined and shown to be an inversive invariant. Since lines, circles, horocycles, and equidistant curves are all equivalent under the group generated by hyperbolic inversions, this reduces Ptolemy's Theorem and its converse to that of considering four points on a line. DEFINITION Substituting the values of (*, *), together with the same identities when x 9 X are replaced by y, Y, respectively, in (*) and solving the new equation for sinh X' Y'/2, we obtain: Proo/. Since Λ 4 (P 1? P 2 , P 3 , P 4 ) = 0, it follows that the determinant H obtained from Λ 4 (P 1? P 2 , P z , P 4 ), by bordering it with a first row and a first column with a common element -1, and the rest of the elements in the first column all ones and the rest of the elements in the first row all zeroes, also vanishes.
The result of subtracting the first column of this bordered determinant from the second, third, fourth, and fifth columns, respectively, and making use of the fact that cosh(β) -1 = 2 sinh 2, 3, 4) .
If the four points contain a nonlinear triple, assume the labeling so that Λ 3 (P 2 , P 3 , P 4 ) Φ 0. Letting [1, 2] denote the cofactor of the element in the first row and second column, an expansion theorem from determinants yields -2 4 K (P 1? P 2 , P 8 , P 4 ) Λ 3 (P 2 , P 3 ,
Since Λ 3 (P 2 , P 3 , P 4 ) > 0, it follows that K(P : , P 2 , P 3 , P 4 ) ^0. If every triple is linear, then the rank of Λ 4 (P X , P 2 , P 3 , P 4 ) is two and, conse-quently, the rank of the determinant in (1) is three. Therefore,
COROLLARY. Since K (P, Q, R, S) <£ 0 and no two of JB, C, D can be negative (consider their sum), it follows that B, C, D are all nonnegative.
If P, Q, R, S is a quadruple of distinct points, then the three products
REMARK. The above corollary is the hyperbolic analogue of the ptolemaic inequality. It has been shown [3] that the ptolemaic inequality itself is valid in the hyperbolic plane.
Theorem 3.2. shows that K(P,Q,R,S)
vanishes if P,Q,R, S are points on a line. Moreover, in view of Definition 3.1, we have shown for any four distinct points P, Q, R, S {PS, QR} + {PQ, RS} ^ 1 .
Since sinh(x + y) = sinh a; cosh y + sinh y coshα;, it can be seen that if P, Q, R, S lie on a line and occur in some cyclic permutation of the order PQRS, then {PS, QR} + {PQ, RS} = 1 .
Let PR//QS denote the fact that P, Q, R, S lie on a cycle and occur in some cyclic permutation of the order PQRS. It now follows that the rank of I (P, Q, R, S) is three. Consequently, the rank of Λ 4 (P, Q, R, S) is two. Therefore, Λ 3 (P, Q, S) = 0 and P, Q, S are collinear. It now follows that P, Q, i?, S are collinear and PR//QS.
If Q, R, S lie on any cycle, this cycle may be mapped onto a line by an inversion. If P',ζ>', R', S' are inverse points of P, Q, i2, S then by the above, P'R'UQ'S'. If the line of P', Q', i2', S' is mapped back onto the cycle of Q, R, S by the same inversion, it follows that PR//QS.
The following theorem, which is a hyperbolic analogue of Ptolemy's Theorem and its converse, has now been obtained. In order to obtain the generalization of this analogue of Ptolemy's Theorem and its converse, we need the following lemma. LEMMA 3.6. If P 19 P 2 , P 3 , P 4 , P 5 are five points then the determinant K{P t , P 2 , P 3 , P 4 , P 5 ) = I smh^PiPj'β) \ vanishes (i, j^ = 1,2,3,4,5).
Proof. Since the rank of A 5 (P X , P 2 , P 3 , P 4 , P 5 ) is less than or equal to three, it follows that the determinant, H, obtained from Λ 5 (P 19 P 2 , P 3 , P 4 , P 5 ) by bordering it with a first column and a first row with common element -1, and the rest of the elements of the first column all ones and the rest of the element in the first row all zeroes has rank less than or equal to four. The determinant, I, obtained from H by substracting the first column from the second, third, fourth, fifth and sixth columns, respectively, and then substituting 2 sinh 2 (#/2) for cosh (x) -1 also has rank less than or equal to four. Hence K(P l9 P 2 , P 3 , P 4 , P 5 ) = 0. THEOREM 3.7. If P 19 P 2 , « ,P W are w pairwίse distinct points of the hyperbolic plane, (n ^ 4), ί/^ew necessary and sufficient condition that P 19 P 2 , , P Λ ϊie ow a iwβ, circle, horocycle, or one branch of an equidistant curve is that the matrix
three.
Proof. Suppose P 1? P 2 , , P w are pair wise distinct points of the hyperbolic plane which lie on a line, circle, horocycle, or one branch of an equidistant curve. Then the leading principal minor of order three of K (P 19 P 2 , , P n ) is nonzero, while the determinants obtained from this principal minor by adjoining one row and one column or two rows and two columns vanish by Theorem 3.3 and Lemma 3.6, respectively. It follows that the rank of K(P 19 P 2 ,
Conversely, if the rank of K (P 19 , P n ) is three then every principal minor of K (P 19 P 2 , « ,P Λ ) of order four is zero. It follows from Theorem 3.5 that each quadruple of the points and hence the n points lie on a line, circle, horocycle, or one branch of an equidistant curve. 4* Circles, horocycles and equidistant curves* It is noted, in the hyperbolic analogue of Ptolemy's Theorem and its converse, that the relation satisfied by the mutual distances of four points is the same for four points on a line, circle, horocycle, and one branch of an equidistant curve. Since three points are collinear if and only if one of the distances determined by the three points is equal to the sum of the other two, the characterization of three collinear points is immediate. The purpose of this section is to find metric conditions which are necessary and sufficient to insure that three points lie on a circle, horocycle, or one branch of an equidistant curve, respectively. In this section the vertices of a triangle will be denoted A, B, C and α, 6, c will denote the lengths of the sides opposite the vertices A, B, C respectively. Two cases are to be considered. The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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